Abstract. In this paper, we prove that a sequence of weak almost Kähler-Ricci solitons under further suitable conditions converge to a Kähler-Ricci soliton with complex codimension of singularities at least 2 in the Gromov-Hausdorff topology. As a corollary, we show that on a Fano manifold with the modified K-energy bounded below, there exists a sequence of weak almost Kähler-Ricci solitons which converge to a Kähler-Ricci soliton with complex codimension of singularities at least 2 in the Gromov-Hausdorff topology.
Introduction
In [WZ] , we studied the structure of the limit space for a sequence of Riemannian manifolds with the Bakry-Émery Ricci curvature bounded below in the Gromov-Hausdorff topology. In particular, for a sequence of weak almost Kähler-Ricci solitons {(M i , g i , J i )}, we showed that there exists a subsequence of {(M i , g i , J i )} which converge to a metric space (Y, g ∞ ) with complex codimension of singularities at least 2 in the Gromov-Hausdorff topology. As in [CC] for Riemannian manifolds with the Ricci curvature bounded below, each tangent space on (Y, g ∞ ) is a metric cone. The present paper is a continuance of [WZ] . We further prove the smoothness of the
A version of pseudolocality theorem
In this section, we prove a version of Perelman's pseudolocality theorem with Bakerly-Émergy Ricci curvature condition (cf. Theorem 11.2 in [Pe] ). A similar version was recently appeared in [TW] . Since our case is lack of the lower bound of scalar curvature, in particular the lower bound of Ricci curvature, we will modify the arguments both in [Pe] and [TW] .
First we recall a result about an estimate of isoperimetric constant on a geodesic ball. This result comes essentially from a lemma in [Li] and the volume comparison theorem with the Bakerly-Émergy Ricci curvature bounded below in [WW] .
Lemma 1.1. Let (M, g) be a Riemannian manifold with Ric(g) + hess g f ≥ −(n − 1)cg, |∇ g f | ≤ A.
(1.1)
Then for any geodesic balls in M , (B p (s)), (B p (r)) with r ≥ s, there exists a uniform C = C(n) such that
where v(r) = e 2Ar vol c (r) and vol c (r) denotes the volume of r-geodesic ball in the space form with constant curvature −c. Lemma 1.1 will be used to get a uniform Sobolev constant in the proof of following pseudolocality theorem in the Bakerly-Émergy geometry. Theorem 1.2. For any α, r ∈ [0, 1], there exist τ = τ (n, α), η = η(n, α), ǫ = ǫ(n, α), δ = δ(n, α), such that if (M n , g(·, t)) (0 ≤ t ≤ (ǫr) 2 ) is a solution of Ricci flow, ∂g ∂t = −2Ric(g), (1.3) whose initial metric g(·, 0) = g 0 satisfies Ric(g 0 ) + hess g 0 f ≥ −(n − 1)r −2 τ 2 g 0 , |∇f | g 0 ≤ r −1 η, (1.4) and vol(B q (r, g 0 )) ≥ (1 − δ)c n r n , (1.5) where c n is the volume of unit ball in the Euclidean space R n , then for any x ∈ B q (ǫr, g 0 ) and t ∈ (0, (ǫr) 2 ], we have |Rm(x, t)| < αt −1 + (ǫr) −2 , (1.6) Moreover,
where κ(n) is a uniform constant. * Proof. By scaling the metric, we may assume r = 1 in the theorem. As in [Pe] , we use the argument by contradiction to prove (1.6). On contrary, we suppose that for some α > 0, there are τ i , η i , δ i , ǫ i which approaching zero as i → ∞, and there are a sequence of manifolds {(M i , g i )} which satisfying (1.4) and (1.5) with some points q i ∈ M i such that (1.6) doesn't hold at (x i ,t i ) for some points
) with g i = g i 0 as the initial metrics. Without the loss of generality, we may also assume that
Then as showed in [Pe] , for any A < 1 100nǫ i , there exist points (x i ,t i ) such that for any (x, t) with
of the conjugate heat equation associated to the flow (M i , g i t ) which starts from a delta function δ(x i ,t i ). Namely,
where R = R(·, t) is the scalar curvature of g i t . Then the function
is nonpositive. Moreover, there exists a positive constant β such that
, when i is large enough [Pe] . Let φ be a cut-off function which is equal to 1 on [0,1] and decreases to 0 on
Then by Lemma 8.3 in [Pe] with the help of (1.8), we get
where =
∂ ∂t − ∆ and we used the fact that * v i ≤ 0 [Pe] . Thus by (1.10), we obtain
Similarly, we can show
). The above implies that
On the other hand, by (1.13), we see that
Hence, by (1.11), we get
Therefore, by rescaling these metrics
Normalize u i by multiplying a constant c so that
By (1.12), it is easy to see that (1.14) still holds for the normalized u i .
Next as in [TW] . we introduce a functional
with
Clearly, by (1.14), we have
F i (u). According to [Ro] , the infinity of
We need to estimate the L ∞ -norms and gradient norms of those φ i . Note that log x ≤ n 2 x 2 n . Then
Since the Sobolev constants C S are uniformly bounded below on (Bx( 1 2 ), g i 0 ) according to Lemma 1.1, by choosing the number a small enough, we see that λ i is uniformly bounded below and Bx i (20A) |∇φ i (x)| 2 is uniformly bounded. Applying the standard Moser iteration method to (1.16), we will get
As a consequence, φ i (x) is an almost sub-solution of the Lapalace equation. Hence, we can also get a uniform oscillation estimate for φ i (x) near the boundary of Bx i (20A). In fact, as in [WT], we can show that for any w ∈ ∂Bx i (20A)
for some uniform C, where N ≥ 2 is any integer and the number γ can be chosen in the interval ( 1 2 , 1). To get the interior gradient estimate for φ i (x), we will also use the Moser iteration method. For simplicity, we let φ = φ i for each i. First we note that by (1.16) and the estimate (1.17), it holds
Then by the Bochner identity, 1 2 ∆|∇φ|
Let ρ be a cut-off function on the interval [0, 20A] which is supported in a subset of [0, 20As), where s < 1. Then multiplying both sides of (1.20) by ρ(d(x i , .)w p , where w = |∇φ| 2 and p ≥ 0, we get
(1.21)
On the other hand, using the integration by parts, we have
Hence, by (1.21), we get
Since we may assume that w ≥ 1, we deduce
Note that the Sobolev constants are uniformly bounded below on (Bx i (20A),
. Therefore, by choosing the suitable cut-off functions η in (1.22), we use the iteration method to derive
It remains to analyze the limit of φ i . According to Corollary 4.8 in [WZ] , we see that (M i , g i 0 ) converge to the euclidean space R n in the GromovHausdorff topology. Thus by the estimates (1.17) and (1.23), there exists a subsequence of φ i which converge to a continuous limit φ ∞ ≥ 0 on the
where λ ∞ < 0.
As in [TW] , to prove (1.24), it suffices to show that
Here G(z, y) is the Green function on the ball B 0 (20A), which is given by
where z * is the conjugate point of z. Choose a sequence z k → z, z * k → z * . By the Laplacian comparison for the distance functions on (
It follows
(1.26)
By a direct computation, we obtain
Note that
Hence we derive that
Combining (1.27) and (1.28), we get
The claim is proved. By the estimates (1.18), φ ∞ is in fact in C 0 (B 0 (20A)). Thus by (1.24), we get
which is a contradiction to the Log-Sobolev inequality in R n [Gr] . The proof of (1.6) is completed.
To obtain (1.7), it suffices to estimate the lower bound of the injective radius at x. This can be done by using the same blowing-up argument as in the proof of (1.6) (cf. [Pe] , [TW] ). We leave it to the readers.
A Ricci curvature estimate
In this section, we prove several technical lemmas which will be used in next sections. From now on we assume that M is an n-dimensional Fano manifold with a reductive holomorphic vector field X [TZ1] . As in [TZ3] , we consider the following modified Kähler-Ricci flow,
with a K X -invariant initial Kähler metric g 0 in 2πc 1 (M ), where K X is the one-parameter compact subgroup generated by im(X). Thus L X g is a real valued complex hessian tensor. If we scale g 0 by 1 λ , where 0 < λ ≤ 1, then (2.1) becomes
Clearly, the flow is solvable for any t > 0 and ω gt ∈ 2π λ c 1 (M ), where g t = g(·, t).
By a direct computation from the flow (2.2), we see that
where θ = θ gt is a potential of X associated to g t such that θ ij = L X g t . Thus if we let H = Ric(g) − λg − λL X g, then we have
where Λ is a linear operator with bounded coefficients with respect to the metric g t and Rm = Rm(·, t) is the sectional curvature of g t .
Moreover, we have Lemma 2.1.
The following lemma is a consequence of Theorem 1.2 in Section 1.
Lemma 2.2. Let g = g t be a solution of (2.2) with ω g 0 ∈ 2π λ c 1 (M ). Suppose that there exists a small δ ≤ δ 0 << 1 such that g 0 satisfies:
where κ = κ(n) is a uniform constant.
By Lemma 2.1 and Lemma 2.2, we prove * Lemma 2.3. Let g = g t be a solution of (2.2) with ω g 0 ∈ 2π λ c 1 (M ). Suppose that for any t ∈ [−2, 1] (we may replace t by t − 3), g t satisfies:
Then
Proof. Putting h = |H|, by (2.4), we get
where Λ 1 , Λ 2 are two linear operators with bounded coefficients with respect to the metric g t . Note that under the conditions i) and ii) in the lemma the Sobolev constants are uniformly bounded below on B q ( 1 2 , g 0 ). Then using the method of Moser iteration, we obtain
On the other hand, we see that there exist some t 1 ∈ [−2, −1] and t 2 ∈ [0, 1] such that
Then integrating (2.1) in Lemma 2.1, it follows , we have
Proof. By Lemma 2.2, we know that for x ∈ B q ( 3 4 , g 0 ) and t ∈ (0, 2δ],
Then the injective radius estimate in [CGT] implies that
. By scaling the metric g t as
Moreover,g t satisfies the conditions i) and ii) in Lemma 2.3 for any t ∈ [−2, 1] while λ is replaced by λ l 2 . Note that
Applying Lemma 2.3 tog t , we have
Observe that
Thus we get
which implies (2.10).
Estimate for the distance functions
We are going to compare the distance functions between the initial metric g 0 and g δ in the flow (2.2). The following lemma is due to Perelman for the normalized Ricci flow [Pe] .
Lemma 3.1. Let g t = g(·, t) (0 ≤ t ≤ 1) be a solution of rescaled Ricci flow on M n (in our case, M is Kähler),
where 0 < λ ≤ 1. Let x 1 , x 2 be two points in M . Suppose that at time t ≥ 0,
Proof. Without loss of generality, we may assume that t = 0. Putting
theng =g t satisfies the Hamilton Ricci flow, ∂ ∂tg = −Ric(g). 
where C 0 is a uniform constant and E = 2δ 0 dt M |R − λ∆θ − nλ|ω n gt . In particular, when E ≤ δ n+1 ,
Proof. Let Φ(t) be a one parameter subgroup generated by real(X). Then g t = Φ(−t) * g t is a solution of of the normalized flow (3.1). Applying Lemma 2.2 for two points y 1 = Φ(−t)x 1 and y 2 = Φ(−t)x 2 by choosing r 0 = √ t, together with Lemma 3.1 we have
As a consequence, we derive
On the other hand, integrating (2.2), we get from Lemma 2.4,
Hence combining (3.5) and (3.6), we obtain
When E ≤ δ n+1 , we can choose t = E 1 n+1 to get (3.4). * Next we use the above proposition to give an upper bound estimate for the distance functions by using a covering argument as in [TW] .
Lemma 3.3. Let (M, g(·, t), q) (0 ≤ t ≤ 1) be a solution of (2.2) as in Lemma 2.4. Let Ω = B q (1, g 0 ) , Ω ′ = B q ( 1 2 , g 0 ). For every l < 1 2 , we define A +,l = sup
and
.
where r = d g 0 (x 1 , x 2 ) ≤ 1 8 and E << r 2(n+1) . Proof. By Proposition 3.2, we see that
where C 0 is the constance determined in (3.4). Then
Let s 0 be the largest radius s among all the balls B x (s, g 0 ) such that
Since the volume element dvol(g t ) satisfies
it is easy to see that there is a ball B x 0 (s 0 , g 0 ) such that
we have
Thus plugging the above inequality into (3.9) together with (3.8) and the fact that
we obtain
On the other hand, since
we see that there exists some point
Claim 3.4. There is a uniform constant
Combining (3.11) with (3.10), we will finish the proof of (3.7) because of the triangle inequality
To prove Claim 3.4, we first assume that
Let γ be the minimizing geodesic curve which connecting x 2 and x 3 in (M, g 0 ). Choose N geodesic balls
Noticing that by the Bishop volume comparison and Lemma 2.2, we see that
By (3.12), it follows
we deduce (3.11) from (3.10) immediately. Secondly, we assume that
In this case, we can copy the above argument of geodesic balls covering to prove (3.11) while the radius s 0 of balls is replaced by
The claim is proved.
Proposition 3.5. Let (M, g(·, t), q) (0 ≤ t ≤ 2δ) be a solution of (2.2) as in Lemma 2.4. Then for two points
if E << r 6(n+1) .
Proof. By the Bishop volume comparison and Lemma 2.2, we see that
A −,r ≥ 1 − Ar, for some uniform constant A, where r ≤ δ << 1. Also by the volume comparison in [WW] , we have
Applying Lemma 3.3 to any two points x 1 , x 2 ∈ Ω ′′ with d g 0 (x 1 , x 2 ) = r ≤ δ << 1, we get
For general two points x 1 , x 2 with d(x 1 , x 2 , g 0 ) = l ≤ 1 8 , we divide the minimal geodesic curve which connecting x 1 and x 2 into N parts with the same length l N ≤ δ. Thus by (3.14), we obtain
Choosing N ∼ lE − 1 6(n+1 , we derive (3.13).
Almost Kähler Ricci solitons
In this section, we are able to prove the smoothness of the regular part of the limit space for a sequence of weak almost Kähler-Ricci solitons studied in [WZ] . Recall the definition of weak almost Kähler-Ricci solitons.
Definition 4.1. We call a sequence of Kähler metrics {(M i , g i , J i )} weak almost Kähler-Ricci solitons if there are uniform constants Λ and A such that
Here ω g i ∈ 2πc 1 (M i , J i ) and X i are reductive holomorphic vector fields on Fano manifolds (M i , J i ).
We now assume that
Let g i t = g i (·, t) be a solution of the Kähler-Ricci flow (2.1) on (M i , J i ) with g i the initial metric. Suppose that g i t satisfies
Here B is a uniform constant. We note that (4.2) and (4.3) have been used in Lemma 2.4, Proposition 3.2 and Proposition 3.5, respectively. Under the assumption (4.1)-(4.3), we prove Proof. It was proved in [WZ] that under the condition (4.1) there exists a subsequence of {g i } which converge to a metric space (Y, g ∞ ) with complex codimension of singularities of Y at least 2. Denote R as the regular part of Y . We want to show that R is an open manifold and g ∞ is in fact a Kähler-Ricci soliton for some complex structure on R. * Let y 0 ∈ R. This means that the tangent cone T y 0 at y 0 is isometric to R 2n . Then by the Volume Convergence Theorem 4.10 in [WZ] , it is easy to see that for any δ > 0 there exists r 0 << 1 such that vol(B y 0 (r)) > (1 − δ)c n r 2n , ∀ r < r 0 .
Again by the above convergence theorem together with the monotonicity of volume [WW] , there exists an ǫ > 0 such that for any y ∈ B y 0 (ǫ, g ∞ ) it holds
For a fixed r, we choose a sequence of geodesic balls B q i (r) ⊂ M i which converge to B y (r) in the Gromov-Hausdorff topology. Then by (4.4), for i large enough, we have
Scale g i toĝ i = 1 r g i and we consider the solutionĝ i (·, t) =ĝ i t of flow (2.2) with the initial metricĝ i , where λ = r. By applying Proposition 3.2 and Proposition 3.5 to each ball B q i (1,ĝ i ), we obtain
On the other hand, since the curvature are uniformly bounded in B q i (1,ĝ i δ ) by Lemma 2.2, B q i (1,ĝ i δ ) converge to a smooth metric ball B y∞ (1,ĝ ′ ∞ ) by the regularity ofĝ i δ . Hence by (4.6), we derive
where L is a uniform constant and g ′ ∞ = rĝ ∞ . This means that the tangent cone at y is isometric to R 2n , so the claim is proved.
By the above claim, we see that there exists a small r for any y ∈ R such that B y (r) ⊂ R and (4.4) is satisfied. Then following the argument in the proof of Claim 4.3, there exists a sequence of geodesic balls (B q i (r), g i δ ) ⊂ M i which converge to B y (r) in C ∞ -topology. Consequently, the potentials θ g i δ of X i restricted on (B q i (r), g i δ ) converge to a smooth function θ ∞ defined on B y (r). Namely,
where Ψ i are diffeomorphisms from B y (r) to B q i (r) such that Ψ * i (g i δ ) converge to g ∞ and Ψ * i J i converge to some limit complex structure J ∞ on B y (r). By the regularity of flow (2.2) and the condition (4.3), θ ∞ satisfies in B y (r), ∆θ g∞ = R(g ∞ ) − n and ∂∂θ ∞ = 0. (4.8) Moreover, by (2.10) in Lemma 2.4, we get
Hence, θ ∞ can be extended to a potential of holomorphic vector field X ∞ on (R, J ∞ ), and consequently g ∞ is a Kähler-Ricci soliton on R.
Remark 4.4. It seems that the limit space Y in Theorem 4.2 is actually a normal algebraic variety as showed in recent papers by Tian, ChenDonaldson-Sun to solve the Yau-Tian-Donaldson conjecture for Kähler-Einstein metrics [T2] , [CDS] .
In [WZ] , it was showed that there exists a sequence of weak almost Kähler-Ricci solitons g s (s < 1) on a Fano manifold (M, g, J) if the modified Kenergy µ(·) is bounded below. Here µ(·) is defined for any K X -invariant where h ω φs are the Ricci potentials of ω φs .
In the following, we need to verify the conditions (4.2) and (4.3) for g s . We note that (4.1) is true for g s [WZ] . Thus as an application of Theorem 4.2, we prove that Theorem 4.5. There exists a sequence of weak almost Kähler-Ricci solitons {g s i } (s i → 1) which converge to a Kähler-Ricci soliton with complex codimension of singularities at least 2 in the Gromov-Hausdorff topology. In the other words, a Fano manifold with the modified K-energy bounded below can be deformed to a Kähler-Ricci soliton with complex codimension of singularities at least 2. On the other hand, by using the Green formula [Ma] (also see [CTZ] ), there exists a uniform constant C such that osc(φ s ) ≤ φ s C 0 ≤ I(φ s ) + C.
It follows that
(1 − s) φ s C 0 ≤ (1 − s)(c(I − J)(φ s ) + C) → 0. as s → 1.
Hence by (4.11), we obtain (4.12). (4.13) is a direct consequence of (4.12) since θ gs are uniformly bounded [Zh] .
Lemma 4.7. Let g s t = g s (·, t) be a solution of the Kähler-Ricci flow (2.1) with the above g s as an initial metric. Then (4.14) 
